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By studying the rotations of the polarization of light propagating in right and
left handed films, with emphasis on the transmission (Faraday effect) and reflec-
tions (Kerr effect) of light and through the use of complex values representing the
rotations, it can be shown that the real portions of the complex angle of Faraday
and Kerr rotations are odd functions with respect to the refractive index n and that
the respective imaginary portions of the angles are an even function of n. Multiple
reflections within the medium lead to the maximums of the real portions of Faraday
and Kerr effects to not coincide with zero ellipticity. It will also be shown that in
the thin film case with left handed materials there are large resonant enhancements
of the reflected Kerr angle that could be obtained experimentally.
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2INTRODUCTION
Negative refractive index magneto optical metamaterials (also called left handed materials
(LHM)) are a new type of artificial material characterized by having both permittivity 
and permeability µ negative [2, 3, 7]. Despite the fact that even with  < 0 and µ < 0,
these metamaterials do have negative refractive index (n =
√
µ). LHM have multiple
uses: they may be used to resolve images beyond the diffraction limit [6, 11], act as an
electromagnetic cloaks for particular frequencies of light [8, 9, 15], enhance the quantum
interference [1] or yield to slow light propagation [12]. The presence of negative indices of
refraction in one-dimensional (1D) disordered metamaterials strongly suppresses Anderson
localization, due to the lack of phase accumulation during wave propagation which thus
weakens interference effects necessary for localization [22]. As a consequence, an unusual
behavior of the localization length ξ at long-wavelengths λ has been observed [20–22]. This
is unlike the well-known quadratic asymptotic behavior ξ ∼ λ2 for standard isotropic layers
(see, e.g. [4]). It can be seen that the metamaterial configurations have an affect on the
magneto-optical transport properties of the electromagnetic waves.
Particularly, the sign of plane polarization rotation angle in a left handed medium (LHM)
is opposite to the sign of rotation angle in a right handed medium (RHM). The Faraday and
Kerr rotations (FR & KR) are non-reciprocal polarization rotation effects in that the sign
of the rotation is always relative to the direction of the magnetic field. This is different in
optically active media rotate where the rotation of the polarization is relative to the direction
of the wave vector. Thus, the non-reciprocity of the Faraday and Kerr effects allow light
to accumulate rotations of the same sign and magnitude for both forward and backward
propagation and can be enhanced even further by additional round-trip reflections through
the medium.
If we assume no absorption and neglect the influence of the boundaries of the system,
then in bulk materials the Faraday rotation angle is at a maximum for a given , µ, Verdet
constant, and length of medium L that light travels within the medium for a constant
linear magnetic field. When the reflection within the boundaries is important, the outgoing
reflected wave is generally elliptically polarized even without absorption, where the major
axis of the ellipse is rotated with respect to the original direction of polarization and the
maximum FR (KR) angle does not necessarily coincide with angular frequencies ω of light
at which zero ellipticity can be measured (we will come back to this question in section II).
The real part of the rotation angle describes the change of polarization in linearly po-
larized light. The imaginary part describes the ellipticity of transmitted or reflected light.
Once we know the scattering matrix elements r and t of a one-dimensional light propaga-
tion problem, then the two characteristic parameters of Faraday/Kerr rotation (Real) and
Faraday/Kerr ellipticity (Imaginary) of the magneto-optical transmission/reflection mea-
surements can be written in complex form as the real and imaginary parts of a well-defined
complex angle θT and θR (see Eqs. (6) and (19).
In the present paper, we theoretically consider the Faraday rotation of light passing
through a RHM/LHM film of thickness L taking into account the multiple reflections from
the boundaries. This exactly solvable simple model is chosen on purpose to present different
aspects of RHM and LHM. It will be shown that the real part of the complex angle of Faraday
rotation is an odd function with respect to the refractive index n, while the imaginary part
of the angle is an even function of n. We have obtained the rotation angle of backscattered
light (Kerr effect) from the RHM/LHM film as well. In the limit of ultra thin LHM film
3under specific circumstances we will see a large resonant enhancement of the reflected KR
angle.
The work is organized as follows. In section II we formulate the problem with appropriate
analytical expressions for the complex Faraday angle of transmitted light. In section III we
analyze the Kerr effect and calculate the real and imaginary angles of reflection.
RIGHT HANDED AND LEFT HANDED DIELECTRIC SLAB
Let us consider a slab: confined to the segment 0 ≤ x ≤ L, with a positive surface
impedance z =
√
µ/ for either RHM or LHM, and characterized by permittivity  = n/z
and permeability µ = nz. Both n and z, and therefore  and µ, are frequency dependent
complex functions that satisfy certain requirements based on causality. For passive materials,
Re(z) and Im(n) must be greater than zero.
The two semi-infinite media outside of the slab are the same and are characterized by
the dielectric constant 1. A linearly polarized electromagnetic plane wave with ω angular
frequency enters the slab from the left at normal incidence. We take the direction of prop-
agation as the x axis, and that of the electric field ~E0 in the incident wave as the z axis. A
weak magnetic field ~B, is applied in the x direction and confined to the slab which causes
the direction of linear polarization to rotate as light propagates through the medium. As
a consequence, the dielectric tensor develops non-zero off-diagonal elements. Magneto-optic
effects are related to the off-diagonal component ij (i, j ∈ {1, 2}) , whereas optical proper-
ties are related to the diagonal component ii . The magnitude of the off-diagonal component
ij is two orders of magnitude smaller than that of the diagonal component ii. The gen-
eralized principle of symmetry of kinetic coefficinets implies that ij( ~B) = 
∗
ji(− ~B). The
condition that absorption is absent requires that the tensor should be Hermitian ij = 
∗
ji:
the diagonal components of the dielectric tensor are even functions of an applied magnetic
field, and the off-diagonal components ij are odd functions and have first-order magnetic
field dependence. The dielectric tensor of the slab is given by [14]
ij =
(
 +ig
−ig 
)
, (1)
where ~g is the gyration vector directed on the magnetic-field direction. We absorb the
external magnetic field ~B into the gyrotropic vector g for our ij to make our calculations
valid for the cases of external magnetic fields and magneto-optic materials.
The components Ez and Ey, Hz and Hy in the film are not constant, where these values
depend only upon the coordinate x. As well, when a magnetic field is applied in the x
-direction, the off-diagonal elements ij cause coupling between the Ez and Ey electric field
(Hz and Hy) components. The linearly polarized incident electromagnetic wave now can
be presented as the sum of circularly polarized waves with opposite directions of rotation,
which propagate through the slab with a different wave vector k± = ωn±/c. For circularly
polarized waves E± = Ey ± iEz the Maxwell equations have the form [14]:
∂2E±
∂x2
+
ω2±
c2
E± = 0, (2)
where ± = ± g.
4The reflectance and transmittance amplitudes can be obtained using the continuity of
the tangential components of the electric (magnetic) fields at the two interfaces, x = 0 and
x = L. Solving the equations with the appropriate boundary conditions at x = 0 and x = L
we obtain for the transmitted waves E ′+ and E
′
−
E ′± = E0t±,
where t± is the transmission amplitude for right and left circularly polarized light and can
be presented in the form [14]:
t± = T
1/2
± e
−iωLn±/ceiψ± . (3)
The coefficient of transmission T± and the phase tanψ± are given by the following ex-
pressions, respectively
T± =
[
1 +
1
4
(
z± − 1
z±
)2
sin2(ωLn±/c)
]−1
, (4)
tanψ± =
1
2
(
z± +
1
z±
)
tan(ωLn±/c). (5)
It can been proven very generally that there is a linear relation between the real and imagi-
nary parts of t± or between ln t± and ψ±. These well known linear Kramers-Kronig relations
can be rewritten in terms of localization length and density of states [5]. The complex FR
angle with the imaginary and real parts is introduced (see, e.g., [18])
θT = − i
2
ln
t+
t−
=
ψ+ − ψ−
2
− i
2
ln
T
1/2
+
T
1/2
−
≡ θT1 + iθT2 . (6)
As is seen from Eq. (6), if T+ = T−, then θT ≡ θT1 would be real; this signifies that
the wave remains linearly polarized with vector ~E rotated through the angle θT to the
initial direction. In the Faraday geometry, or when a magnetic field is applied parallel to
the direction of light propagation, and in the absence of material losses within a thin film
(R + T = 1, where R is the reflection coefficient), T+ = T− if: (i) the sample is infinite
(no boundaries), (ii) for certain thicknesses total transmission occurs, that is T = 1 and
(iii) n∂T
1/2
∂n
= z ∂T
1/2
∂z
. The third condition implies that at a certain thicknesses θT2 becomes
zero (the solutions of the following transcendental equation, x0 =
z2+1
z2−1 tanx0). At these
points the transmission coefficient T, in contrast to the two previous cases, is not one and
its value decreases with increasing x0 with a saturated value of 4z
2/(z2 +1)2 for x0 tends∞.
This saturated value corresponds exactly to one-quarter wavelength. In the case of a more
complex geometry (for example a multi-layered periodic structure in an external magnetic
field) it is possible for the Faraday rotation θT to be real more than three times with a
simultaneously zero imaginary portion. If T+ 6= T−, the light has an elliptical polarization
and is not simply linearly polarized. The ratio of the ellipses semi-axis is determined by
relation (b < a)
b
a
= | tan θT2 | =
∣∣∣∣T 1/2+ − T 1/2− ∣∣∣∣∣∣∣∣T 1/2+ + T 1/2− ∣∣∣∣ , (7)
5and with an angle between the large axis of the ellipse and the y axis, as
θT1 =
ψ+ − ψ−
2
. (8)
For bulk (isotropic) samples or optical devices, where one-way light propagation is important,
ψ± = ωLn±/c (see Eq. (5) when z± = 1) the result reads
θT1 =
Lω
√
µ
2c
(√
+ g −√− g
)
. (9)
Increasing of the linear polarizations rotation θT1 in a small length scale can be done in many
different ways: (i) by taking into account the multiple reflections which in a finite layer or
in resonant structures can lead to an enhancement of the FR angle in comparison with a
single direct pass (for example Fabry-Perot cavities filled with a magneto-optic material
[16]), (ii) tuning the optical properties of permittivity , µ and g by the modification of the
structure size and shape of the material; varying the composition of alloyed and intermetallic
nanostructures. (iii) using metamaterials to tailor the optical properties of the host system
[10] (iv) change the dielectric permittivity tensor of a medium with time, etc. The time
dependence case may concern both to diagonal and non-diagonal permittivity terms of ij
(see Eq. (1)).
In Ref. [10] the permittivity tensor of a magneto-optical material is tailored by embedded
wire meshes. These wires can only tune the diagonal element of the permittivity tensor in
terms of topological parameters and material properties and thus, effectively reducing  to
the value of g (creating a near zero epsilon (NZE) metamaterial) [19]. For such frequencies
the second term of Eq. (9) becomes zero and θT1 in the magneto-optical metamaterial can
be enhanced by almost an order [10]. As for the Faraday rotation with time dependent
dielectric permittivity tensor, where g = go cos(Ωt) and Ω is the angular frequency of the
gyrotropic vector, it can be shown that the time dependent Faraday rotational angle, besides
the standard term (9), contains an extra term which is proportional to time t and ω
Ω
which
increases faster than the stationary term and becomes dominant provided that tω > 1 [18].
Real part of FR in RHM/LHM: Transmission
Let us first consider the FR for transmission from a slab. Since the Faraday effect is
typically very small the effective incident indices of refraction and impedance for the two
circular polarizations in the first order of g can be presented in the form
n± =
√
±µ ≈ n± 1
2
gn
|| ,
z± =
√
µ/± ≈ z ∓ 1
2
gz
|| ,
where n (refractive index of a homogeneous material) and z (impedance of a homogeneous
material) are calculated when gyration vector ~g is zero. Note, that by replacing n→ −n we
can use the above expressions for LHM.
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FIG. 1. Faraday Rotation angle θT1 as a function of x = ωnL/c for z = 0.3 and z = 0.8.
One can simplify the analysis of θT1 and θ
T
2 by expanding ψ± around the n and z of the
slab in the absence of the magnetic field ~B. Then the Taylor series of T
1/2
± and ψ± in the
neighborhood of n & z becomes:
T
1/2
± = T
1/2(n, z)± 1
2
gn

∂T 1/2
∂n
∓ 1
2
gz

∂T 1/2
∂z
, (10)
ψ± = ψ(n, z)± 1
2
gn
||
∂ψ
∂n
∓ 1
2
gz
||
∂ψ
∂z
. (11)
Hence,
θT1 =
ψ+ − ψ−
2
=
1
2
gn
||
∂ψ
∂n
− 1
2
gz
||
∂ψ
∂z
=
1
2
g
||
(
n
∂ψ
∂n
− z∂ψ
∂z
)
. (12)
Evaluating the derivatives ∂ψ
∂n
and ∂ψ
∂z
at ~B = 0 from Eq.(5) and substituting these expressions
into Eq. (12) where, for convenience, we have introduced the new parameter x = ωnL/c,
we get
θT1 =
g
4||z
x(z2 + 1) + (1− z2) sinx cosx
1 + 1
4
(
z − 1
z
)2
sin2 x
, (13)
Eq. (13) is a general expression and valid for any continuous material with arbitrary pa-
rameters L, n and z. As expected, θT1 is odd in n, where in LHM it will change sign of n.
Below we analyze a few of the limits for these parameters:
When L tends to zero (kL 1) , the above equation reduces to
θT1 ≈
g
2z
x ≡ gωL
2c

|| , (14)
which coincides with the RHM ( > 0) thin-film result of Ref. [17].
If z = 1, i.e. when light propagates in a homogenous medium, we get
θT1 =
g
2||x ≡
gωL
2c||
√
µ, (15)
which coincides with the result of Refs. [14, 17] in the thick film limit where kL  1, if
µ = 1 for RHM (the range of all optical frequencies). At the points x0 =
z2+1
z2−1 tanx0, where
7the ellipticity is zero when θT2 = 0, as was mentioned previously, and we get for the real part
of FR
θT1 =
gz
||(z2 + 1)x0 (16)
In Fig. 1, we show the FR angle of transmission vs x = ωnL/c for RHM, for three different
values of surface impedance, using Eq. (13): z = 0.3, z = 0.8, and bulk material with no
reflections where z = 1 (dashed line). The angle steadily increases and oscillates around
the line θT1 = 2x (Where x is in units
g
4|| ) with certain periodicity of pi or on the scale
L ∼ k−1. The oscillations in θT1 are due to interference effects in the plane-parallel slab and
the amplitude of the oscillating part depends on x. At xl = pi(l+ 1/2) we have for FR angle
θT1 =
gz
||
xl
z2+1
and for xl = pil (l = 1, 2...) θ
T
1 =
g
4||
z2+1
z
xl. We were not able to find a closed-
form solution analytically for the maximum of θT1 , and Eq. (13) and could not calculate the
maximum increase of FR angle. However, for the estimated increase we used points xl = pil,
because the maximum value of θT1 for each period of oscillation is located very close to that
point (see Fig. 1 where the vertical grid line appears). Then the ratio of θT1 at xl = pil to
the θT1 in a homogeneous media, Eq. (15), reads (z
2 +1)/2z ≥ 1. For materials with relative
impedance ∼ 0.3 (semiconductor with zero extinction coefficient in the near or mid infrared
range like tellurium or aluminum gallium arsenide) the ratio is almost 2. In otherwords,
multiple reflections increase the overall time the light spends within the system showing an
increase in Faraday rotation [18]. A similar increase of Faraday rotation was also found in
[10, 13]. However, for the composite system (dielectric with metamaterials or super lattice
systems) the effective  can be reduced up to 10−2 and the ratio can thus be increased by
an order or greater.
Imaginary part of FR in RHM/LHM: Transmission
Expanding T
1/2
± around the n and z of the slab in the absence of the magnetic field ~B
(see Eq. (10)) and using the Taylor series for ln(1 + x) centered at 0 we can similarly derive
the expression for the θT2 =
1
2
ln
T
1/2
+
T
1/2
−
for the imaginary portion of Faraday rotation as
θT2 =
g
8||z2
(1− z2) sinx
[
(z2 + 1) sinx+ x(1− z2) cosx
]
1 + 1
4
(
z − 1
z
)2
sin2 x
. (17)
This is again a general expression and valid for the arbitrary parameters L, n and z. As
expected, θT2 is even in n, and θ
T
2 → 0 when L tends to zero. As it was previously men-
tioned, θT2 becomes 0 at z=1 (no boundaries), at x = pil (complete transmission) and at
x0 =
z2+1
z2−1 tanx0. In the two former cases the coefficient of transmission T becomes 1 when
an external magnetic field ~B is zero. The third case is very different: The transmission
coefficient is not 1 and T → 4z2/(z2 + 1)2 as x0 tends ∞. This saturated value corresponds
exactly to one-quarter wavelength.
Note, that in the limit of a small magnetic field ~B, the expression for b
a
, Eq. (7), coincides
with ImθT , that is with Eq. (17).
Fig. 2 shows for z = 0.3 (solid) and z = 0.8 (dashed) the imaginary angles of the FR,
Eq. (17), for a RHM (n > 0) versus x. θT2 in the interval [0, pi] increases with x, reaches a
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FIG. 2. Faraday Rotation angle θT2 as a function of x = ωnL/c for z=0.3 and z=0.8. Transmission
is multiplied by 5 to more easily see the relationship between the Faraday ellipticity angle and
corresponding transmission value, where T = 1 is the norm.
peak value and then drops to become minimum at some point. This pattern repeats as x
increases.
REAL AND IMAGINARY PARTS OF KR IN RHM/LHM: REFLECTION
When linearly polarized light is reflected from the surface of a magnetized material, the
direction of polarization is changed and the light is elliptically polarized. This is the Kerr
effect and it is very similar to the Faraday effect except that the Kerr effect refers to the
reflection and the Faraday effect refers to the transmission.
Before entering into a more detailed analysis of the complex Kerr effect, let us note that
if we ignore the losses then there are some useful results which relate the θT and θR which
follow already from the general expressions of the scattering matrix elements in terms of the
transmission and reflection probabilities and the scattering phases ψ and ψ ± ψa. Here ψ is
the total phase accumulated in a transmission event and ψ±ψa are the phases accumulated
by a particle which is incident from either face of the material (left or right) which is reflected.
The scattering-matrix elements can be written in the form
S =
(
r t
t r′
)
=
( −i√R exp i(ψ + ψa) √T exp i(ψ)√
T exp i(ψ) −i√R exp i(ψ − ψa)
)
For a spatially symmetric barrier the phase asymmetry ψa vanishes and one has addi-
tionally r = r′.
And it is clear that for any symmetric structure with no material loses, including the slab
we are discussing,
θR1 = θ
T
1 .
Whereas previously it had been desribed that t± was the transmission amplitude of the
wave, we shall now describe r± as the reflection amplitude. It can be shown for the slab
that the reflection amplitude is given by [14],
r± = −it±
2
(z± − 1
z±
) sin(n±ωL/c) (18)
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FIG. 3. Kerr Rotation angle θR2 as a function of x = ωnL/c for z = 0.3 and z = 0.8.
where t± is defined by Eq. (3).
Using a similar expression for Kerr effects complex reflection angle
θR = −i ln r+
r−
= θR1 + iθ
R
2 , (19)
where,
θR2 = θ
T
2 −
g
2
(
(nkL) cos(nkL)
sin(nkL)
+
z2 + 1
1− z2
)
, (20)
where θT2 is defined by Eq.(17).
When L tends to zero (the thin film approximation), the above expression reduces to
θR2 ≈

||
g
− µ.
where the unit vector of epsilon has a sign change from RHM to LHM.
As seen from the above expression, ImθT is proportional to the extremely small parameter
g and in RHM, where µ , it is too difficult to measure θR. However, the situation is very
different for LHM, where µ and  can be of the same order of magnitude for some frequency
range (for example µ and  for NZE metamaterials). For these frequencies it can be verified
experimentally that a narrow resonantly enhanced reflection angle can be found for the Kerr
effect.
Fig. 3 shows the imaginary angle of the KR, Eq. (20), for two different RHM of different
surface impedance z versus x . θR2 at xl = pil shows a discontinuity. We also note that
zeroes for both θT2 and θ
R
2 coincide and are the solutions to the transcendental equation
x0 =
z2+1
z2−1 tanx0. At this point there is linearly polarized light for both the reflected and
transmitted light.
SUMMARY
We study the Faraday and Kerr rotations of light with angular frequency ω passing
through a RHM/LHM film with thickness L while taking into account the multiple reflections
from the boundaries. The descriptions of the real portions as the linear angle of rotation
10
and imaginary portions as the ellipticity of the rotation allow us to separate the two distinct
phenomena and visualize their maximums and effects within different kinds of mediums. We
found that the rotation and ellipticity of the transmitted or reflected light has shown that
the real parts of the complex angle of the Faraday and Kerr effects are odd functions with
respect to the refractive index n. As well, the imaginary portion of the angle is an even
function of n. These odd and even functions are not just the properties of a thin film, but
apply just as well to the case of any system of arbitrary length.
For a spatially symmetric film with no material loses the real portion of Faraday and
Kerr rotations are equal for RHM and LHM. In the limit of an ultra thin LHM film under
specific circumstances a large resonant enhancement of the reflected KR angle could be
experimentally obtained. From this it has been shown that with multiple reflections within
the medium that the maximums of the real portions of the Faraday and Kerr effects do
not coincide with simultaneously zero imaginary portions (figure 2). This means that the
maximums of both Faraday and Kerr rotations occur only when the light has some ellipticity,
or with non-zero imaginary portions. Taking into account these multiple reflections also
shows the resonant enhancement that is now possible with LHM such as the super lattice
system, and opens the field of optics to new compositions of materials that can greatly
enhance these rotations by an order or more.
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